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Abstract. We are concerned with a classical inequality due to Bernstein 
which estimates the norm of polynomials on any given ellipse in terms of their 
norm on any smaller ellipse with the same foci. For the uniform and a certain 
weighted uniform norm, and for the case that the two ellipses are not * too 
close”, we derive sharp estimates of this type and determine the corresponding 
extremal polynomials. These Bernstein type inequalities are closely connected 
with certain constrained Chebyshev approximation problems on ellipses. We 
also present some new results for a weighted approximation problem of this 

type. 

1. Introduction 

Let H n denote the set of all complex polynomials of degree at most n. For r > 1, let 

Sr := { 2 6 c I \z - 1| + \z + 1| < r + - } (1) 

T 

be the ellipse with foci at ±1 and semi-axes (r ± l/r)/2. Moreover, we use the notation 
|| • \\s r for the uniform norm ||/||£ r = max* e £ r |/(z)| on £ r . 

It is well known (see e.g. [8, Problem III. 271, p. 137]) that, for any n G IN and 
R > r > 1, 

IIpIUr < — IblUr fora11 . (2) 
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We remark that for the case r = 1, Si = [-1, 1], this inequality goes back to Bernstein 
(see [2] and the references therein). It is also well known (see [12, p. 368]) that the 
estimate (2) is not sharp, i.e. equality in (2) holds only for the trivial polynomial p = 0. 

In this note, we are mainly concerned with the following two problems: find the 
best possible constants C n (r,R ) and C' n +i/2( r ) R) such that 

Ibilf* < C n (r,R) \\p\\ £r for all p € H„ (3) 

and 

\\wp\\e R < C n+ 1 / 2 (r,R) ||t»j>||* r for all p € II n , (4) 

respectively. Here, and in the sequel, w denotes the weight function w(z ) — \fz + 1, 
and it is always assumed that the square root is chosen such that w maps the z— plane 
onto {Rew > 0} U {irj\r) > 0}. We notice that the usual proof (e.g. [8, p. 320]) for 
(2) immediately carries over to the weighted case (4) and leads to the upper bound 
^n+i/2( r i R) < f?" +1/,2 /r n+1 / 2 . For the classical case r — 1, Frappier and Rahman [2] 
conjectured that 


C n (l,R)= l(R n + R n ~*) and C n+1/2 (1,R) = 1(R"+ 1 / 2 + R n ~^) . (5) 


The first identity in (5) was proved in [9] for n = 1 and in [4] for n = 2, R > r/3. The 
second relation in (5) is known to be true for n = 1 and R > 1.49 [4]. It seems that 
these are the only cases for which the best possible constants in (3) and (4) are known. 

In this paper, sharp estimates (3) and (4) will be obtained for the case n € IN, 
r > 1, and R not “too close” to r. More precisely, we will prove the following 


Theorem 1. Let n £ IV and r > 1. 


a) If 


R > r 


73 r 4 - 1 
r 4 - 1 


then 


resp. 


R> r 


33r — 1 
r — 1 


( 6 ) 


C n (r,R) 


R n + 1/R n „ . Jjn+i/2 _|_ l/JJ n + l/ 2 

r n + l/r n rGSP ' n+1 / 2 ( r> ') _ r n+l/2 + i/j.n+l/2 


(7) 


with equality holding in (3) resp. (4) only for the polynomizds 


P( z ) = 7 {T n (z) + i 


26 

R n - 1/R n 


), 7€ C, 8 G [-1,1] 


resp. p(z) = 7 V„(z), 7 G C. (8) 


Moreover, if n = 1, the first identity in (7) holds true for all R > r. 

b) 


C n (r,R)> 


i? n + i/R n 

r n + 1 jr n 


and 


Cn+l/2(»",I2) > 


jjn+i/2 + l/Jjn+1/2 


r n+ 1/2 + l/ r ti+l/2 
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for all R > r. s 

In (8) and in the following, the notation T* is used for the fcth Chebyshev polynomial 
which by means of the Joukowsky map is given by 



( 9 ) 


and, moreover, 

v / \ _ Tk+i(z) + T k {z ) 

Vt(z) - W 


( 10 ) 


Notice that (10) defines indeed a polynomial of degree fc, and that V* is up to a scalar 
factor just the fcth Jacobi polynomial associated with the weight function 

(1 — z) -1 / 2 (l + z) 1 / 2 on [—1, 1] (cf. Szego [13, p. 60]). 

Remark 1 . The estimates (6) are very crude in the following sense. Let iZ„(r) resp. 
R n+ i/ 2 (r) denote the smallest numbers such that the first resp. the second identity in 
(7) is satisfied for all R > R n (r ) resp. R > R n+ i/ 2 (r). Numerical tests reveal that 
R n (r ) and i? n +i/ 2 ( r ) are much smaller than the upper bounds in (6). Moreover, these 
experiments suggest that R n (r), R n +i/ 2 (f) r for large n. However, we were not able 
to prove these numerical observations. 

Although the weighted norms in (4) might appear somewhat artificial, note that 
(4) arises naturally if, using the Joukowsky map (cf. (9)), one rewrites the estimates 
(3) and (4) for the disks |v| < R, |t>| < r, and the class of self-reciprocal polynomials 


:= { » € H m | v m s( 1/v) = s(v) } 


(cf. [2,4,5]). More precisely, 

v "p(^( v + -)) = s(v) , P €H„, »€S 2n , 

2 u (11) 

resp. u” +1 / 2 w(^-(t; H — ))p(o( 1 ’^ — )) = s ( v ) » P € H n , « 6 S 2n +i , 

2 v 2 v 

defines a one-to-one mapping between II„ and S 2 n resp. E 2 n+i • With (11), it is easily 
verified that (3), (4) are equivalent to 

max |s(v)| < D m (r,R) max |«(u)| for all s € S m , (12) 

|v|<R 

where (3) and (4) correspond to the case m = 2n and m = 2n + 1, respectively. 
Moreover, the best possible constants in (3), (4), and (12) are connected by D m (r,R ) = 
(R/r) m / 2 C m / 2 (r,R). Rewriting Theorem 1 for (12), then yields the following 

Corollary. Let m > 2 be an integer and r > 1. 
a) If 

f (73 r 4 - l)/(r 4 - 1) if m is even 

R> r • < . 

{ (33r - l)/(r - 1) if m is odd 


D m (r,R) 


R m + 1 

r m + 1 


then 
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with equality holding in (12) only for the polynomials 

P 

f \ f 2 n » 45 

s(v) = y(v -f i if fin yTl + *) > 7 £ C , J € [-1,1] , ij m — 2n is even , 

and 

a(u) = 7(u m + 1) , 7 G C , i/ m is odd . 

Moreover, D 2 (r,R ) = (R 2 + 1 )/(r 2 + 1) for ai/ i? > r. 

Jj>m _L J 

Dm{r,R) > — — — — for all R>r . 
r m + 1 

Our proof of Theorem 1 is based on the obvious representations 


C n (r,R)= max — and C n+1/2 (r,R)= max — h (13) 

c£d£ R E n (r,c) + / v 7 cear« £ n+1/2 (r,c) v ' 

of the sharp constants in (3) and (4) in terms of the optimal values of the family of 
constrained Chebyshev approximation problems 


(E n (r,c):=) min ||p|| fr (14) 

pGn n ;p(c) = l 

and 

(E n+1 / 2 (r,c) :=) min ||u’ c f>lk where w c (z) = w(z)/w(c) . (15) 

ptn n :p(c) = 1 

Here, c G C \ £ r in (14) and (15), and, in (13), 8£r denotes the boundary of £r. The 
class of complex approximation problems (14) was investigated recently by Fischer and 
Freund [3]. In particular, the part of Theorem 1 which is concerned with the Bernstein 
type inequality (3) will follow from results given in [3]. In the present note, we will also 
derive some new results for the weighted variant (15). 

The outline of the paper is as follows. In Section 2, w-e establish some auxiliary 
results. In Section 3, the complex weighted approximation problem (15) is studied. 
Finally, remaining proofs are given in Section 4. 


2. Preliminaries 

In this section, we introduce some further notations and list two lemmas. It will be 
convenient to define, in analogy to the Chebyshev polynomials (9), the functions 

W (*) = j (»‘ +1/2 + * = + . 1 = 0 , 1 ,... ■ ( 16 ) 

Here the square root y/v is chosen, correspondingly to w(z') = y/z + 1 , such that y/v 
maps the v— plane onto (Re£ > 0} U {irj\ri > 1 or — 1 < rj < 0} (cf. [4]). With (10) and 
(16), one readily verifies that then 


Tk+ 1 / 2 ( 2 ) = w(z)V k (z ) , z G C , 


(17) 


For the boundary points z £ d£ r of the ellipse (1), we will use the parametrization 


11 i 1 

z = z r (<p) = -(r + -) cosy? + «( r ) sin<£> , -ft < ip < ft . (18) 

Z T Z T 

With (16) and (18), it follows that 

T k+1/2 (z r (<p)) = a k cos(k+]-)<p + ib k sm(k+h<p , -ft < <p < ft , (19) 


where 




r) all<1 : = \( rk+ ' 12 - jrwt) ■ 


^+ij2> ™ V **~2 V r k+\/2 

Next, assume that n £ IN and r > 1. Using (17) and (19), we deduce that 

||wVn|U r = a n 


( 20 ) 


( 21 ) 


All corresponding extremal points z\ £ £ r , defined by \w(zi)V n (zi)\ — \ \u:V n ||f r > are 
given by 


z\ z r (<fii) , <fi ’■= 


2lft 


2n -f* 1 

Moreover, we note that, in view of (17), (19), and (22), 


, / = — n, — n + 1, . . . ,n — 1, n 


Vn(zi) = (- 1 ) 


[ a n 


Ul(zi) 


, ( = -n, . . . , II 


( 22 ) 


(23) 


The following property of the numbers <pi will be used in the next section. 
Lemma 1. Let j € ZL. Then: 

n 


(-l)'e ,v,0 ' + * ) = 


2n + l if %ig62Z + l 


(24) 


l= — n 


0 


otherwise 


Proof. With q := (2 j + l)/(2 n + 1), we have e w(i+i/a) = (e*™) 1 - If 9 € 22L + 1, then 
e?** = —1, and (24) is obviously true in this case. For q 22Z + 1, (24) follows from 

£ (— e ,ir ')' = (-e<"‘)- n ) + g a 

Z= — n 


and (-e^’) 2 "* 1 = 1. ■ 

Finally, we will apply the following result due to Rogosinski and Szego [11] in 
Section 4. 

Lemma 2. Let A 0 , A 1? . . . , A n be real numbers which satisfy A n > 0, A„_i - 2A n > 0, 
and Ajt_i — 2A* + A^+i > 0 for k = 1 , 2, . . . , n — 1 . Then. 
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3- Results for the weighted approximation problem (15) 

In this section, we are concerned with the constrained Chebyshev approximation prob- 
lem (15). In the sequel, it is assumed that n € IN, r > 1, and c £ C \ £ r . Standard 
results from approximation theory (see e.g. [6]) then guarantee that there always exists 
a unique optimal polynomial for (15). For the case r = 1 of the unit interval £i = [—1, 1] 
and c 6 IR\ [—1, 1], Bernstein [1] proved that the rescaled polynomial (10) 

Mz]c) ^W) (26) 

is the extremal function for (15). For purely imaginary c and, again, r = 1, Freund and 
Ruscheweyh [4] showed that the optimal polynomial is a suitable linear combination of 
v n , v n _i, and n„_ 2 . To the best of our knowledge, these two cases seem to be the only 
ones for which the solution of (15) is explicitly known. 

For the rest of the paper, we assume that r > 1. It turns out that, somewhat 
surprisingly, (26) is also best possible for the general class (15) with complex c as long 
as c is not “too close” to £ r . For the following, it wall be convenient, to represent c (f £ r 
in the form 

c = c r (V>) = + -^) cos V 1 + - -^) sin^ , R>r,-n<(p<7T . (27) 

In analogy to (19) and (20), it follows that 

d k := T* +1/2 (c) = A k cos (k + ^)0 + iB k sin (k + i)V> (28) 

where 

+ and B t ■.= . (29) 

Based on Rivlin and Shapiro’s characterization [10] of the optimal solution of gen- 
eral linear Chebyshev approximation problems, we next derive a simple criterion for the 
polynomial (26) to be best possible in (15). Note that the extremal points of v n (z;c) 
are just the zp / = — n, . . . stated in (22). By applying the theory [10] to (15), (26), 
and by using (23), we obtain the following 

Criterion. v n (z\ c) is the unique optimal polynomial for (15) iff there exist nonnegative 
real numbers <r_ n ,<r_ n+1 , . . . , cr n (not all zero) such that 

n 

<T;(— l) l w(zi)q(zi) = 0 for all q £ II n with q(c) = 0 . (30) 

I= — n 

Clearly, it suffices to check (30) for the polynomials 


q(z) = V k (z) - V k (c) , k = 1, 2, . . . , n . 
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« 

4 

With (17) and (28), this leads to the following equivalent formulation of (30): 

n 

Y <r l (-l) l (d 0 T k+1/2 (z l )-d k T 1/2 (z l )) = 0 , k = 1,2,.. . ,n . (30') 

l— — n 

It turns out that there are simple formulae for all real solutions a/ of (30'). The trick is 
to use the ansatz 

n 2 hr 

oi = cos (jV<) + Vj sin(.m)) , = 2 n + 1 ’ * = » ( 31 ) 

3 = 0 

where p.j, Uj € It, j = 0 , . . . , n. Note that such a representation (31) is possible for any 
collection of <r_ n , . . . ,<r„ € IR. Now we insert (31) into (30') and rewrite T J fc +1 / 2 ( 2r i) and 
T1/2 (zj) in the form (19). Then, a routine calculation, making repeatedly use of Lemma 
1, shows that (30') reduces to the equations 

HkCin-k ~ ii'kbn-k ~ (d n -k/d 0 )(n n a 0 - iu n b 0 ) = 0 , k = 1,2, . . . ,n — 1 , (32a) 


and 


2//o«n (d n /d 0 )(fi n ao ii3 n b o) 0 


(326) 


By determining all real solutions Hk , Vk of the hnear system (32a, b) and with (31), one 
easily verifies that all real numbers satisfying (30') are given by 07 = rer*, / = — n , . . . , n 
with t e 1R arbitrary and a* defined in (33). Hence, in view of the Criterion, we have 
proved the following 


Theorem 2. v n (z;c) is the unique optimal polynomial in (15) iff the numbers 




1 \dn\ 

2 a„ 


/ H e(d n _^d n ) 


fc=l 


cos (kipi) + 


Im(<f n _jfc3^) 


6 n — Jk 

l = — n, — n + l,...,n — l,n 


sin (ktpi)^ 


(33) 


are either all nonnegative or all nonpositive. Here ak, bk, dk, and <pi are defined in (20), 
(28), and (22). 

The numbers (33) are positive whenever R/r is sufficiently large. In particular, in 
the next section we will prove the following 

Theorem 3. Let c = ch(V’) with R > r > 1 (cf. (27)). Then: 


a) 


E n + 1/2 ( r > c ) ^ 


r n+l/2 + i/ r n+l/2 


^/(-R n+1 / 2 + 1 /i? n+1 / 2 ) 2 — 4sin 2 (n + 1/2)^ 


(34) 


b) If R > r(33r - 1 )/(r - 1), then v n (z\c ) is the unique optimal polynomial for (15) 
and equality holds in (34). 


For the case that c in (15) is real, we have the following sharper result. 
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Theorem 4. Let r > 1 and c € 1R. If (i) c > r + 1/r - 1/2 or (ii) c < -r, then v n (z ; c) 
is the unique optimal polynomial for (15) and 


| r n+ 1/2 _|_ j jj,n+\/2 
Rn + \/2 + l/^n+1/2 
r n+l/2 + l/ r n+l/2 
i^n+1/2 _ l/tfn+1/2 


in case (i) 
in case (ii/ 


Remark 2. In contrast to the case r = 1, for r > 1, the polynomial v n (z;c ) is not 
best possible in (15) for all c € 1R \ S r . Indeed, numerical tests show that among the 
corresponding numbers (33), in general, positive and negative af occur if c is very close 
to £ r . 

Finally, we note that Theorem 3 is analogous to the following result for the un- 
weighted approximation problem (14). 


Theorem A. 

a) 


(Fischer, Freund [3]). Let c = Cft(ip) with R > r > 1 (cf (27)). Then: 


En{r,c) < 


r" + l/r n 
i? n + l/i? n 


(35) 


b) If R > r(73r 4 — l)/(r 4 — 1), then 


= (i?”-l/J?”)r„(z) + 2,-sm(ny.) 

’ ( R n — 1 / R n )T n (c) + 2isin(n^>) 

is the unique optimal polynomial for (14) and equality holds in (35). 

Remark 3. For n = 1, (14) was solved completely by Opfer and Schober [7], From 
their result, one can deduce (see [3]) that, for the case n — 1, the statement in part b) 
of Theorem A is true for all R > r > 1. 

Clearly, in view of (13), Theorem 1 is an immediate consequence of Theorem 3, 
Theorem A, and Remark 3. The proofs of Theorem 3 and 4 will be given in the next 
section. 


4. Proofs of Theorem 3 and 4 


Proof of Theorem 3. With (17) and (21), it follows that 


En+ 1/2 ^ 


w{z)Vn{z) 

w(c)V„(c) 


£r 


G>n 

|^n+l/2(c)| 


By (20) and (28) (both with k = n ), the right-hand side is just the upper bound in (34). 
We now turn to part b). Using (28) and (29), it follows that 

|Re(44)|<A Jt A n + B fc J5 n <i2 n+t+1 , 

| Im(d*dl)| < A k B n + B k A n < R n+k+i 
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and 


|d„| 2 > A 2 n - 1 > i/? 2n+1 (l - 2/i? 2n+1 ) . 


Let <rf be given by (33). With (36), (37), and (20), we obtain the lower bound 


* 1 / R? \ n Ry/r . 2 . nn+l t~ / R \ * 

° l - i(“) m (1 " R^ } ~ 4R ^ 5 ^( 7 ) r 4 *+ 2 -l 

k = 0 


„4*+l 


Now assume that R > r(33r — 1 )/(r — 1). With 


1 - 


> — and 


Ak+l 


R 2n+1 - 2 

we deduce from (38) that 

1 / R 2 \ n 


< 


r ik+2 _ 2 ~ T 2 _ 1 


, k = 0 , 1 ,. 


(37) 


(38) 


Ryjr 


. I/jftX 1 - 1 1 r 

<7,* > - ( — ) — f- -(R-r- 32 >0 

8 V r / (r + l)(i? — r) v r — 1 ' 

In view of Theorem 2, this concludes the proof of Theorem 3. ■ 

Proof of Theorem 4. First we consider the case (i), i.e. assume that 

<=i(K + i)>r + i-i • 


(39) 


,n 


Then ip — 0 in (28), and the representation (33) reduces to 

G\ = ^n(^ — + X/ (k<Pi)) , l = -n, 

*=1 

It follows that (jj* = A n /(y>/) where t is the trigonometric polynomial (25) with 

k = 1 , . . . , n . (40) 


% An , * — i 

Ao := and — 

^n — A: 


Therefore, Theorem 2 together with Lemma 2 implies that v n is best possible in (15) 
provided that the numbers (40) satisfy the assumptions of Lemma 2. Hence, it remains 
to verify that the estimates 

— >2 — and 2 1 >0 , fc = l,...,n — 1 , (41) 

a \ a 0 a k + 1 Q* a Jfc-l 

hold. It is easily seen that the first condition in (41) is equivalent to (39). A more 
lengthy, but straightforward, computation shows that (39) also guarantees that the 
remaining inequalities in (41) are satisfied. We omit the details. 

For the case (ii), c < —r, one proceeds similarly. Now ip = n in (28), and from (33) we 
obtain 




= B n (]-— + X “ 2_ ^ cos Kvi + »)) , / = 

2 1 a n — k 

k= 1 
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By applying Lemma 2, this time with 

A 0 := — and \ k = Bn ~ k & = , (42) 

an a„- k v ' 

and Theorem 2, we conclude that v n is the optimal polynomial for (15) if the assump- 
tions of Lemma 2 are satisfied. A lengthy computation show^s that the condition c < —r 
indeed implies that the numbers (42) fulfill the required inequalities. Again, details are 
omitted here. ■ 
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